In a previous work, it was shown that Faber-Pandharipande-Zagier and Miki's identities can be derived from a polynomial identity which in turn follows from a Fourier series expansion of sums of products of Bernoulli functions. Motivated by this work, we consider three types of sums of finite products of Genocchi functions and derive Fourier series expansions for them. Moreover, we will be able to express each of them in terms of Bernoulli functions.
Introduction
As is well known, the Bernoulli polynomials B m (x) are given by the generating function In this paper, we will consider three types of sums of finite products of Genocchi functions and derive the Fourier series expansions for them. Moreover, we will be able to express each of them in terms of As to γ m ( x ), we note that the polynomial identity (.) follows immediately from Theorems . and ., which are in turn derived from the Fourier series expansion of γ m ( x ).
i  +···+i r =m,i  ,...,i r ≥
where, for l > r,
The obvious polynomial identities can be derived also for α m ( x ) and β m ( x ) from Theorems . and ., and Theorems . and ., respectively. It is noteworthy that from the Fourier series expansion of the function
we can derive the Faber-Pandharipande-Zagier identity (see [, -]) and the Miki identity (see [-] ). In case of r = ,
, and hence our problem here is a natural extension of the previous work, which leads to a simple proof for the important Faber-Pandharipande-Zagier and Miki identities (see [, ] ). We will give an outline below, and this may be viewed as the main motivation for the present study.
The following polynomial identity follows immediately from the Fourier series expansion of the function in (.):
where
are the harmonic numbers. Simple modification of (.) yields
Letting x =  in (.) gives a slightly different version of the well-known Miki identity (see [] ):
which is the Faber-Pandharipande-Zagier identity (see [] 
The first type of sums of finite products
In this section, we will derive the Fourier series of the first type of sums of products of Genocchi functions. Let us denote
Here the sum runs over all positive integers i  , . . . , i r with
Then we will consider the function
defined on R, which is periodic with period . The Fourier series of
Before proceeding, we note the following:
, and from this, we obtain
where we understand that, for a = , the inner sum is  r δ m,r . Observe here that the sums 
Now, we want to determine the Fourier coefficients A (m) n . Case : n = . We have
Case : n = . We have
We recall the following facts about Bernoulli functions B m ( x ): (a) for m ≥ ,
where 
(.)
Now, we can state our first result.
Theorem . For each positive integer l, with l > r, we let
Assume that m = , for a positive integer m > r. Then we have the following:
for all x ∈ R, where the convergence is uniform, 
for x ∈ Z. Now, we can state our second result. 
Assume that m = , for a positive integer m > r. Then we have the following: Before proceeding, we need to observe the following:
Thus β m (x) = rβ m- (x), and, from this, we obtain
where we understand that, for a = , the inner sum is  r δ m,r . Observe that the sums over all 
From the definition of m , we have
Next, we want to determine the Fourier coefficients B (m) n . Case : n = . We have 
(.)
Theorem . For each positive integer l, with l > r, we let
for all x ∈ R, where the convergence is uniform,
for all x ∈ R, where B j ( x ) is the Bernoulli function. 
for x ∈ Z. Now, we can state our second theorem.
Theorem . For each positive integer l, with l > r, we let
Assume that m = , for a positive integer m > r. Then we have the following: (a)
for x ∈ Z c , and
4 The third type of sums of finite products
Here the sum runs over all positive integers i  , . . . , i r , with i  +· · ·+i r = m. Before proceeding, we observe the following:
, and from this, we get
For m > r, we let
where we understand that, for a = , the inner sum is  r δ m,r . Note that
We are now going to consider the function n . Case : n = . We have
Note that
Case : n = . We have (.)
We are now ready to state our first theorem. 
